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Abstract
Sufﬁcient and necessary conditions for the existence of a stochastically bounded solution of a nonlinear nonhomogeneous stochas-
tic differential equation are found. The stationary and periodic cases are also considered. The results in [O.V. Il’chenko, Stochasti-
cally bounded solutions of a linear homogeneous stochastic differential equation, Theor. Probab. Math. Statist. 68 (2004) 41–48] are
generalized.
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1. Introduction
The qualitative behavior of solutions of stochastic differential equations has recently been studied intensively, for
instance, see the monographs [2,3,5,6]. One problem that has been of permanent interest is to ﬁnd conditions for the
existence of stochastically bounded solutions, especially in view of the fact stationary and periodic solutions possess
this property. For this topic, we here highlight Khasminskii’s great contribution [5].
Very recently, Il’chenko [4] considered a linear nonhomogeneous Ito stochastic differential equation, and obtained
some conditions for the existence of a stochastically bounded solution and a periodic (and stationary) solution. It turns
out that the above existences depend on whether a solution of the homogeneous stochastic differential equation is
exponentially p-stable for some p> 0 (see [6] for the deﬁnition).
In the present paper, motivated by [4], we consider a nonlinear and nonhomogeneous Ito stochastic differential
equation. Some sufﬁcient and necessary conditions for the existence of a stochastically bounded solution of the above
equation are found. Our condition is given in terms of the exponentially p-stable for some p> 0 for the solution of
the corresponding linearized homogeneous stochastic differential equation. Please note that our condition is different
from the another common condition in [5], which is given in terms of the stability of the solutions of the corresponding
deterministic differential equations. Our results generalize the known results in [4].
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2. Main results
Consider the following Ito stochastic differential equation
dx(t) = F(t, x(t)) dt +
m∑
k=1
Gk(t, x(t)) dwk(t), (2.1)
where wk(t), k=1, 2, . . . , m, are one-dimensionalWiener processes; F(t, ·) and Gk(t, ·), k=1, 2, . . . , m, t ∈ R, are
continuous real functions, which satisfy for all t, x ∈ R,
|F(t, x) − bx| |f (t)|, (2.2)
|Gk(t, x) − kx| |gk(t)|, (2.3)
here b, k, k=1, 2, . . . , m, are real constants,f (t), gk(t), k=1, 2, . . . , m, t ∈ R, are bounded continuous real functions
and satisfy supt∈R{|f (t)|, |gk(t)|; k = 1, 2, . . . , m}K <∞.
When F(t, x(t)) ≡ bx(t) + f (t) and Gk(t, x(t)) ≡ kx(t) + gk(t), Eq. (2.1) reduces to
dx(t) = (bx(t) + f (t)) dt +
m∑
k=1
(kx(t) + gk(t)) dwk(t), (2.4)
which is recently studied in [4].
Deﬁnition 2.1. A solution x(t), t ∈ R, is called stochastically bounded if
lim
N→+∞ supt∈R
P{|x(t)|>N} = 0.
As in [4], we consider the corresponding linearized homogeneous stochastic differential equation
dhts = bhts dt +
m∑
k=1
kh
t
s dwk(t), s t , (2.5)
with the initial condition hss = 1. Obviously, Eq. (2.5) has a solution
hts = exp
{
(t − s) +
m∑
k=1
k[wk(t) − wk(s)]
}
, (2.6)
where
 := b − 2−1
m∑
k=1
2k . (2.7)
For an arbitrary p ∈ R,
E(hts)
p = exp
{(
+ p2−1
m∑
k=1
2k
)
(t − s)p
}
. (2.8)
The solution xs(t), s t, t ∈ R, of Eq. (2.1) can be represented in the following form
xs(t) = hts
{
x(s) +
∫ t
s
(hus )
−1
[
F(u, x(u)) − bx(u) −
m∑
k=1
k(Gk(u, x(u)) − kx(u))
]
du
+
m∑
k=1
∫ t
s
(hus )
−1(Gk(u, x(u)) − kx(u)) dwk(u)
}
. (2.9)
The following two lemmas are from [4], which are essential in the proof of our main results.
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Lemma 2.1. Assume that (t) is a continuous function on t ∈ R. Then the following reverse integral formula holds
for stochastic integral with s t :
hts
∫ t
s
(hus )
−1(u) dwk(u) = −
∫ s
t
htu(u) dwk(u) − k
∫ s
t
htu(u) du. (2.10)
Lemma 2.2. Assume that < 0 and (t) is a continuous function such that supt∈R |(t)|K < + ∞. Then
(1) for r = 1, 2 and 0<p<p0 := 2||(∑mk=1 2k)−1, there are constants T > 0, L> 0 and 0<q < 1 such that
P
{∫ t−T n
t−T (n+1)
(htu|(u)|)r du>Nr2−n
}
LN−pqn (2.11)
for all t ∈ R,N > 0 and positive integer n;
(2) the following two limits
lim
s→−∞
∫ s
t
htu(u) du =
∫ −∞
t
htu(u) du (2.12)
and
lim
s→−∞
∫ s
t
htu(u) dwk(u) =
∫ −∞
t
htu(u) dwk(u) (2.13)
exist almost surely for all t ∈ R, respectively.
Theorem 2.1. There exists a unique stochastically bounded solution x˜(t), t ∈ R, of Eq. (2.1) if and only if  = 0. In
this case of the existence, we have
(i) when < 0,
x˜(t) = −
∫ −∞
t
htu[F(t, x˜(u)) − bx˜(u)] du −
m∑
k=1
∫ −∞
t
htu[Gk(u, x˜(u)) − kx˜(u)] dwk(u); (2.14)
(ii) when > 0,
x˜(t) = −
∫ +∞
t
(hut )
−1
[
F(t, x˜(u)) − bx˜(u) −
m∑
k=1
k(Gk(u, x˜(u)) − kx˜(u))
]
du
−
m∑
k=1
∫ +∞
t
(hut )
−1(Gk(u, x˜(u)) − kx˜(u)) dwk(u). (2.15)
Moreover,
sup
t∈R
E|x˜(t)|p < + ∞ (2.16)
for 0<p<p0 := 2||(∑mk=12k)−1.
Proof (Sufﬁcient). We consider the two cases when < 0 and > 0, respectively.
(1) Let < 0. From (2.9), by using of Lemmas 1 and 2, we get
xs(t) = htsx(s) −
∫ s
t
htu(F (t, x(u)) − bx(u)) du −
m∑
k=1
∫ s
t
htu(Gk(u, x(u)) − kx(u)) dwk(u). (2.17)
Putting x(s)= 0 in the above and approaching the limit as s → −∞, we get the limit x−∞(t) is a solution of Eq. (2.1).
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The process x−∞(t), t ∈ R, is measurable with respect to the ﬂow Ft := {wk(s2) − wk(s1) : s1s2 t, k =
1, 2, . . . , m}.
Now we show the process x−∞(t) is stochastically bounded. Since
P{|x−∞(t)|>N}P
{∣∣∣∣
∫ −∞
t
htu(F (t, x(u)) − bx(u)) du
∣∣∣∣> Nm + 1
}
+
m∑
k=1
P
{∣∣∣∣
∫ −∞
t
htu(Gk(u, x(u)) − kx(u)) dwk(u)
∣∣∣∣> Nm + 1
}
, (2.18)
it is sufﬁcient to prove that every term in the above is stochastically bounded.
First, we claim that
P
{∣∣∣∣
∫ −∞
t
[htu(F (t, x(u)) − bx(u))]r du
∣∣∣∣>Nr
}
L1N−p (2.19)
for r = 1, 2, 0<p<p0 and L1 = L1(p)< + ∞, where the integral is deﬁned for all trajectories. In fact, by Lemma
2, we have
P
{∣∣∣∣
∫ −∞
t
[htu(F (t, x(u)) − bx(u))]r du
∣∣∣∣>Nr
}
P
{ ∞⋃
n=0
∣∣∣∣
∫ t−T n
t−T (n+1)
[htu(F (t, x(u)) − bx(u))]r du
∣∣∣∣>Nr2−(n+1)
}

∞∑
n=0
P
{∫ t−T n
t−T (n+1)
[htu|F(t, x(u)) − bx(u)|]r du>Nr2−(n+1)
}

∞∑
n=0
P
{∫ t−T n
t−T (n+1)
[htu|f (t)|]r du>Nr2−(n+1)
}
2pL(1 − q)−1N−p. (2.20)
Second, we claim that
P
{∣∣∣∣
∫ −∞
t
htu(Gk(u, x(u)) − kx(u)) dwk(u)
∣∣∣∣>N
}
L2N−p, (2.21)
where 0<p<p0 and L2 = L2(p)< + ∞.
In fact,
P
{∣∣∣∣
∫ −∞
t
htu(Gk(u, x(u)) − kx(u)) dwk(u)
∣∣∣∣>N
}
 lim
V→ +∞ P
{
sup
0<v<V
∣∣∣∣
∫ t−v
t
htu(Gk(u, x(u)) − kx(u)) dwk(u)
∣∣∣∣>N
}
 lim
V→ +∞ N
−pE
[
sup
0<v<V
∣∣∣∣
∫ t−v
t
htu(Gk(u, x(u)) − kx(u)) dwk(u)
∣∣∣∣
]p
 lim
V→ +∞ N
−pcpE
{∫ t−V
t
[htu(Gk(u, x(u)) − kx(u))]2 du
}p/2
N−pcp E
{
−
∫ −∞
t
[htu(Gk(u, x(u)) − kx(u))]2 du
}p/2
(2.22)
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for some constant cp < + ∞ (see [3]). So it remains to show that for t ∈ R and 0<p<p0,
E
{
−
∫ −∞
t
[htu(Gk(u, x(u)) − kx(u))]2 du
}p/2
< + ∞. (2.23)
As in the proof of Eq. (2.19), we have
E
{
−
∫ −∞
t
[htu(Gk(u, x(u)) − kx(u))]2 du
}p/2

∞∑
n=0
2p(n+1)P
{
4n < −
∫ −∞
t
[htu(Gk(u, x(u)) − kx(u))]2 du4n+1
}

∞∑
n=0
2p(n+1)P
{
4n < −
∫ −∞
t
[htu(Gk(u, x(u)) − kx(u))]2 du
}

∞∑
n=0
2p(n+1)L12−pn < + ∞. (2.24)
Thus, we have proved that the solution is stochastically bounded, further, we have gotten
P{|x−∞(t)|>N}L2N−p, (2.25)
where 0<p<p0, L2 = L2(p)< = +∞. Hence, we have
E|x−∞(t)|p
∞∑
n=0
2p(n+1)P{2n < |x−∞(t)|< 2n+1}

∞∑
n=0
2p(n+1)P{2n < |x−∞(t)|}
∞∑
n=0
2p(n+1)L22−pn < + ∞. (2.26)
On the other hand, a stochastically bounded solution is unique, since
P
{
lim
s→−∞ h
t
s = +∞
}
= 1.
(2) Let > 0. We will construct a stochastically bounded solution xs(t), ts, t ∈ R, which is measurable with
respect to the ﬂowFt := {wk(s2) − wk(s1) : ts1s2, k = 1, 2, . . . , m}.
Applying Eq. (2.9) and interchanging s and t , we get for ts,
xs(t) = (hst )−1x(s) −
∫ s
t
(hut )
−1
[
F(u, x(u)) − bx(u) −
m∑
k=1
k(Gk(u, x(u)) − kx(u))
]
du
−
m∑
k=1
∫ s
t
(hut )
−1(Gk(u, x(u)) − kx(u)) dwk(u). (2.27)
Using the samemethod as that in the case < 0, we put x(s)=0, let s → +∞, then get the limit x+∞(t)which satisﬁes
x+∞(t) = −
∫ +∞
t
(hut )
−1
[
F(u, x(u)) − bx(u) −
m∑
k=1
k(Gk(u, x(u)) − kx(u))
]
du
−
m∑
k=1
∫ +∞
t
(hut )
−1(Gk(u, x(u)) − kx(u)) dwk(u). (2.28)
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Similarly to the case of < 0, we can check that the solution x+∞(t), t ∈ R, is stochastically bounded and possesses
the pth moment for 0<p<p0. Since P{limt→−∞ (hst )−1 = +∞} = 1, the solution is unique.
To complete the proof, we put
x˜(t) =
{
x−∞(t), < 0,
x+∞(t), > 0.
The proof of sufﬁciency is complete.
The necessity has been proved in [4] for the linear case. 
The proof of the following two theorems is similar to that in [4] or [5], so we omit it.
Theorem 2.2. Suppose the functions F(t, ·) and Gk(t, ·), k = 1, 2, . . . , m, do not depend on t . A unique stationary
solution of Eq. (2.1) exists if and only if  = 0.
Theorem 2.3. Suppose the functions F(t, ·) and Gk(t, ·), k = 1, 2, . . . , m, are continuous and periodic with period
T . A unique T -periodic solution of Eq. (2.1) exists if and only if  = 0.
Remark 2.1. The condition  = 0 means that, given 0<p<p0, the solution hts of Eq. (2.5) is exponentially p-stable
(if < 0) or it is exponentially p-unstable (if > 0). The number p0 is called the stability index (see [1]).
Remark 2.2. Consider the following Ito stochastic differential equation
dx(t) = F(t, x(t)) dt +
m∑
k=1
Gk(t, x(t)) dwk(t), (2.29)
where F and G satisfy a local Lipschitz condition, and G has upper bound for all t and x, the condition in [5] for the
existence of a stochastically bounded solution of Eq. (2.29), is as follows:
(i) There exists a non-negative Lyapunov function which is absolutely continuous in t and uniformly in x, satisﬁes
Lipschitz condition with respect to x: |V (x, t) − V (y, t)|<L|x − y|, where L is a positive constant. Moreover,
inf{|x|R}×t∈(−∞,∞)V (x, t) → ∞ as R → ∞.
(ii) V/t + (V/x)F (x, t) − cV , where c = const> 0.
Obviously, our condition in Theorem 2.1 is different from the above. In addition, our condition is easily applicable.
Remark 2.3. When F(t, x(t)) ≡ bx(t) + f (t) and Gk(t, x(t)) ≡ kx(t) + gk(t), our theorems in this paper are
reduced to those in [4].
3. Conclusion
For a linear nonhomogeneous stochastic differential equation, Il’chenko in [4] has proved that the existence of a
stochastically bounded solution depends on whether a solution of the homogeneous stochastic differential equation
is exponentially p-stable for some p> 0. In this present paper, using the similar method, we get that, under some
appropriate assumptions, the above result is still true for both nonlinear and nonhomogeneous stochastic differential
equations.
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